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Abstract
The marginal distribution of squeezed, rotated and shifted quadrature for two types of
nonclassical states of a trapped ion - squeezed correlated states and squeezed even and odd
coherent states (squeezed Schro¨dinger cat states) - is studied.
PACS 03.65 - Quantum mechanics.
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Recently, in [1] it was shown that the steady state of a trapped ion irradiated by a bichro-
matic laser field is a superposition of two coherent states which is the even/odd coherent state
introduced in [2] (Schro¨dinger cat states). The theory of an ion in a Paul trap was developed
in [3, 4] where the trapped ion was described by the model of quantum oscillator with a peri-
odically varying frequency. In [6], a procedure was formulated to obtain the Wigner function
of the quantum system in terms of the marginal distribution of rotated quadrature, which may
be measured by a balanced homodyne detector and the scheme called optical tomography has
been used experimentally [7]. In [8], a symplectic-tomography procedure was suggested in which
the quantum states were measured by measuring the marginal distribution for squeezed, rotated,
and shifted quadrature. In [9], a new equation in quantum mechanics was introduced describing
time evolution of this marginal distribution which has completely classical form but contains all
the information about the quantum system. The aim of this work is to consider two important
types of nonclassical states of a trapped ion (squeezed and correlated states of the ion in a Paul
trap [3–5] and even and odd coherent states of the ion irradiated by bichromatic laser field [1])
within the framework of the symplectic-tomography procedure and using new quantum evolution
equation.
An ion in a Paul trap is described by the model of parametric oscillator. For the trapped ion,
the time–dependence of the frequency is taken to be periodic [3]:
ω2(t) = 1 + κ2 sin2Ωt .
It is easy to show that packet solutions to the Schro¨dinger equation may be introduced and
interpreted as coherent states (h¯ = 1) :
Ψα(x, t) = pi
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where the classical complex trajectory satisfies the equation
ε¨(t) + ω2(t)ε(t) = 0 ,
with initial conditions
ε(0) = 1 ; ε˙(0) = i ,
where α is a complex number.
Other normalized solutions to the Schro¨dinger equation are a squeezed even coherent state and
a squeezed odd coherent state [2] (squeezed Schro¨dinger cat states)
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In [8], it was shown that for the generic linear combination of quadratures which is a measurable
observable
X̂ = µqˆ + νpˆ+ δ ,
where qˆ and pˆ are the position and momentum, respectively, the marginal distribution w (X, µ, ν, δ)
(normalized with respect to the X variable) depending upon three extra real parameters µ , ν , δ
is related to the state of the quantum system expressed in terms of its Wigner function W (q, p)
as follows
w (X, µ, ν, δ) =
∫
exp [−ik(X − µq − νp− δ)]W (q, p)dkdqdp
(2pi)2
. (4)
The physical meaning of the parameters µ, ν, δ is that they describe ensemble of shifted, rotated,
and scaled reference frames in which the position X is measured. This formula can be inverted
and the Wigner function of state can be expressed in terms of the marginal distribution [8].
In [9], it was shown that for Hamiltonian systems the marginal distributions satisfy the quantum
time-evolution equation, which for a trapped ion takes the form
w˙ − µ ∂
∂ν
w + ω2(t)ν
∂
∂µ
w = 0 . (5)
Calculating the integral (4) one can show that for generic Gaussian packets of a trapped ion (also
for particular case (1) ) the marginal distribution is
w (X, µ, ν, δ, t) =
1√
2piσX(t)
exp
{
−(X − X¯)
2
2σX(t)
}
, (6)
where the dispersion of the symplectic observable X and the mean value of the observable depend
on the time and the parameters as follows:
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1
2
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)
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2
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One can check that the normalized marginal distribution (6) with parameters (7) and (8) satisfy
the evolution equation (5).
Now we will discuss the marginal distribution for nonclassical states of the parametric oscillator,
namely, even and odd coherent states [2]. The Wigner function for even and odd coherent states
is
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The marginal distribution of a trapped ion in even/odd coherent states is
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.
In the present work, we calculated the marginal distribution of a symplectic observable (which
is a generic linear quadrature) for nonclassical states of a trapped ion modeled by a parametric
quantum oscillator. Measurements of the marginal distribution give the possibility of measuring
the quantum states. In the case of the particular choice of the parameters µ = cosϕ; ν =
sinϕ, the measurement is reduced to finding the marginal distribution for homodyne output and
reconstructing the Wigner function by means of the Radon transform of the optical-tomography
scheme [6, 7]. The distribution found for generic linear quadrature satisfies a new classical-like
equation of quantum dynamics introduced in the symplectic-tomography scheme.
Acknowledgments
This work was partially supported by the Russian Foundation for Basic Research (Project
No. 96–02–18623) and by the RF State Program “Optics. Laser Physics.” O.V.M. would like
to express her sincere appreciation to the Organizing Committee of the Second International
Symposium on Fundamental Problems in Quantum Physics for invitation and Professor M. Ferrero
and Dr. S.F. Huelga for hospitality.
References
[1] R.L. de Matos Filho and W. Vogel, “Even and odd coherent states of the motion of a trapped
ion,” Phys. Rev. Lett. 76, 608–611 (1996).
[2] V.V. Dodonov, I.A. Malkin, and V.I. Man’ko, “Even and odd coherent states and excitations
of a singular oscillator,” Physica 72, 597–615 (1974).
[3] R.J. Glauber, “The quantum mechanics of a particle in time–dependent quadrupole fields,”
in: Recent Developments in Quantum Optics, Proceedings of the International Conference on
Quantum Optics (Hyderabad, 1991), Ed. R. Inguva (Plenum Press, New York, 1993) pp. 1–13.
[4] G. Schrade, V.I. Man’ko, W. Schleich, and R.J. Glauber, “Wigner functions in the Paul trap,”
Quantum Semiclass. Opt. 7, 307–325 (1995).
[5] O.V. Man’ko, “Symplectic tomography of nonclassical states of a trapped ion,” Preprint
IC/96/39, ICTP, Trieste (1996); Los Alamos Report No. quant–ph/9604018; J. Russ. Laser
Research (Plenum Press) 17, 439–448 (1996).
[6] K. Vogel and H. Risken, “Determination of quasiprobability distributions in terms of proba-
bility distributions for the rotated quadrature phase,” Phys. Rev. A 40, 2847–2849 (1989).
[7] D.T. Smithey, M. Beck, M.G. Raymer, and A. Faridani, “Measurement of the Wigner distribu-
tion and the density matrix of a light mode using optical homodyne tomography: application
to squeezed states and vacuum,” Phys. Rev. Lett. 70, 1244–1247 (1993).
[8] S. Mancini, V.I. Man’ko, and P. Tombesi, “Wigner function and probability distribution for
shifted and squeezed quadratures,” Quantum Semiclass. Opt. 7, 615–623 (1995).
[9] S. Mancini, V.I. Man’ko and P. Tombesi, “Symplectic tomography as a classical approach to
quantum systems,” Phys. Lett. A, 213, 1–6 (1996).
